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THETA LIFTING FOR TEMPERED REPRESENTATIONS OF REAL UNITARY
GROUPS
ATSUSHI ICHINO
Abstract. We study the theta lifting for real unitary groups and completely determine the theta lifts of
tempered representations. In particular, we show that the theta lifts of (limits of) discrete series represen-
tations can be expressed as cohomologically induced representations in the weakly fair range.
1. Introduction
In this paper, which is a sequel to [7], we continue to study the theta lifting introduced by Howe [6]. We
focus on the case of real unitary groups and consider the theta lifting from U(p, q) to U(r, s). Recall the
Weil representation ω of Mp2l(R) (relative to a fixed nontrivial character of R), where l = (p + q)(r + s)
and Mp2l(R) is the metaplectic cover of the symplectic group Sp2l(R) of rank l. Via the choice of a lift
U(p, q)×U(r, s)→ Mp2l(R)
of a natural homomorphism
U(p, q)×U(r, s)→ Sp2l(R),
we may regard ω as a representation of U(p, q) × U(r, s). Then for any irreducible representation π of
U(p, q), its theta lift to U(r, s) is defined as an irreducible representation θr,s(π) of U(r, s) such that
HomU(p,q)×U(r,s)(ω, π ⊠ θr,s(π)),
which is uniquely determined (if exists) by the Howe duality [6]. If such a representation does not exist,
we interpret θr,s(π) as zero.
The basic problems in the theory of the theta lifting are
• to determine when θr,s(π) is nonzero;
• to describe θr,s(π) explicitly.
When p+q ≤ min{r, s}, Li [12] constructed theta lifts explicitly and showed that θr,s(π) is always nonzero.
Li [13] further developed this construction, and when p+q ≤ r+s and π is a discrete series representation
with sufficiently regular infinitesimal character, he showed that θr,s(π) is nonzero and expressed it as a
cohomologically induced representation in the good range. When p + q = r + s or p + q = r + s ± 1,
Paul [17, 18] generalized the result of Li [13] and completely determined θr,s(π) for arbitrary π. More
generally, Atobe [1] gave a criterion for the nonvanishing of θr,s(π) when π is tempered but for arbitrary
p, q, r, s. In our previous paper [7], we described θr,s(π) explicitly for any discrete series representation
π. The purpose of this paper is to generalize it to the case of tempered representations. For this, we
first prove the following generalization of [7] to the case of (limits of) discrete series representations (see
Theorem 3.1 for more details).
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Theorem 1.1. Let π be a (limit of) discrete series representation of U(p, q). Assume that its theta lift
θr,s(π) to U(r, s) is nonzero. Then we have
θr,s(π) = Aq(λ),
where the right-hand side is a cohomologically induced representation in the weakly fair range, and q and
λ can be described explicitly. Moreover, if p + q ≥ r + s − 1, then θr,s(π) is a (limit of) discrete series
representation.
Based on this theorem, we can describe θr,s(π) explicitly for any tempered representation π (see The-
orem 3.2 for more details).
We now give some details of the proof of Theorem 1.1. As in our previous paper [7], the proof is global
and relies on Arthur’s multiplicity formula [16, 8]. We refer the reader to [7, §1] for the explanation of
the global-to-local argument and only mention the key ingredient here. Switching the roles of U(p, q) and
U(r, s) if necessary, we may assume that p + q ≤ r + s. Let π be an irreducible tempered representation
of U(p, q). We consider the integral ∫
U(p,q)
(ω(g)ϕ1, ϕ2)(π(g)v1, v2) dg
for ϕ1, ϕ2 ∈ ω and v1, v2 ∈ π, which was introduced by Li [12, 13] in his explicit construction of theta
lifts. Here (·, ·) denotes an invariant Hermitian inner product. This integral is absolutely convergent and
defines an invariant functional
Zr,s(π) : ω ⊗ ω¯ ⊗ π¯ ⊗ π → C.
Obviously, if Zr,s(π) 6= 0, then we have θr,s(π) 6= 0. In fact, we have the following converse (see Proposition
6.1), which is a crucial step in the proof of Theorem 1.1.
Proposition 1.2. We have
Zr,s(π) 6= 0 ⇔ θr,s(π) 6= 0.
This proposition was proved in [7, §7] when π is a discrete series representation. To extend it to the
case of tempered representations, we will improve the argument in [7, §7]. Assume that θr,s(π) 6= 0. Since
Proposition 1.2 was proved in [5] when p + q = r + s, we may assume that p + q < r + s. Then we can
deduce from an argument of Atobe [1], which relies on the Gan–Gross–Prasad conjecture [4] proved by
Xue [22], that there exists a discrete series representation π′ of U(p + 1, q) such that θr,s(π′) 6= 0 and
HomU(p,q)(π
′, π) 6= 0. In particular, by a result of Beuzart-Plessis [3], we have
(1.1)
∫
U(p,q)
(π′(g)v′1, v
′
2)(π(g)v1, v2) dg 6= 0
for some v′1, v
′
2 ∈ π′ and v1, v2 ∈ π. On the other hand, if we write ω′ for the Weil representation of
U(p + 1, q) × U(r, s), then matrix coefficients of ω′ (regarded as functions on U(p + 1, q)) belong to the
Harish-Chandra Schwartz space C(U(p + 1, q)). Since we have shown in [7, §7] that Zr,s(π′) 6= 0, the
projection of these matrix coefficients to the π′ ⊠ π¯′-isotypic component of C(U(p + 1, q)) is nonzero and
hence dense. This and (1.1) implies that∫
U(p,q)
(ω′(g)ϕ′1, ϕ
′
2)(π(g)v1, v2) dg 6= 0
for some ϕ′1, ϕ
′
2 ∈ ω′, from which Proposition 1.2 follows easily.
THETA LIFTING FOR TEMPERED REPRESENTATIONS OF REAL UNITARY GROUPS 3
Acknowledgements. We would like to thank Hiraku Atobe, Raphae¨l Beuzart-Plessis, Wee Teck Gan,
and Hang Xue for useful discussions. The author is partially supported by JSPS KAKENHI Grant
Number 19H01781.
2. Representations of real unitary groups
In this section, we introduce some representations of real unitary groups which will be needed in this
paper.
2.1. Real unitary groups. Fix ε = ±1. Let V be an n-dimensional ε-Hermitian space over C equipped
with a nondegenerate sesquilinear form 〈·, ·〉V : V × V → C such that
〈av, bw〉V = ab¯〈v,w〉V , 〈w, v〉V = ε〈v,w〉V
for a, b ∈ C and v,w ∈ V . Let (p, q) be the signature of V , so that p+ q = n and V has a basis v1, . . . , vn
such that
〈vi, vj〉V = ζ ×

1 if i = j ≤ p;
−1 if i = j > p;
0 if i 6= j,
where
ζ =
{
1 if ε = +1;√−1 if ε = −1.
Let G = U(V ) be the unitary group of V , which we identify with
U(p, q) =
{
g ∈ GLn(C)
∣∣∣∣ tg¯(1p −1q
)
g =
(
1p
−1q
)}
via the basis above. Define a Cartan involution θ of G by
θ(g) = tg¯−1
and let K = {g ∈ G | θ(g) = g} be the associated maximal compact subgroup of G. Let g0 be the Lie
algebra of G and t0 the Cartan subalgebra of g0 consisting of diagonal matrices. Let g = g0 ⊗R C and
t = t0 ⊗R C be their complexifications. We identify t with Cn via the isomorphism
(x1, . . . , xn) 7→ diag(x1, . . . , xn)
and t∗ with Cn via the basis ε1, . . . , εn given by
εi(diag(x1, . . . , xn)) = xi.
Define a bilinear form 〈·, ·〉 : t∗ × t∗ → C by
〈α, β〉 = α1β1 + · · ·+ αnβn
for α = (α1, . . . , αn), β = (β1, . . . , βn) ∈ t∗ ∼= Cn. Let ∆ be the set of roots of t in g, so that
∆ = {±(εi − εj) | 1 ≤ i < j ≤ n}.
Let ∆c be the set of compact roots in ∆ and take the positive system ∆
+
c of ∆c given by
∆+c = {εi − εj | 1 ≤ i < j ≤ p} ∪ {εi − εj | p < i < j ≤ n}.
For any subspace f of g stable under the adjoint action of t, we denote by ∆(f) the set of roots of t in f
and put ρ(f) = 12
∑
α∈∆(f) α.
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Throughout this paper, we work with the category of (g,K)-modules unless otherwise specified. Thus
by abuse of terminology, we usually mean a (g,K)-module by a representation of G.
2.2. Parabolically induced representations. Let d be a nonnegative integer with d ≤ min{p, q}.
When d > 0, we take elements v′1, . . . , v
′
d, v
′′
1 , . . . , v
′′
d ∈ V such that
〈v′i, v′j〉V = 〈v′′i , v′′j 〉V = 0, 〈v′i, v′′j 〉V = δi,j
and put
Xi = Cv
′
i, X
∗
i = Cv
′′
i .
Let V0 be the orthogonal complement of X1⊕· · ·⊕Xd⊕X∗1 ⊕· · ·⊕X∗d in V , so that V0 is an ε-Hermitian
space over C of signature (p− d, q − d). Let P =MU be the parabolic subgroup of G stabilizing the flag
X1 ⊂ X1 ⊕X2 ⊂ · · · ⊂ X1 ⊕ · · · ⊕Xd,
where M is the Levi component of P stabilizing the flag
X∗1 ⊂ X∗1 ⊕X∗2 ⊂ · · · ⊂ X∗1 ⊕ · · · ⊕X∗d
and U is the unipotent radical of P . As in the previous subsection, we identify M ∼= GL(X1) × · · · ×
GL(Xd)×U(V0) with (C×)d×U(p−d, q−d). For any characters χ1, . . . , χd of C× and any representation
π0 of U(p− d, q − d), we write
I(χ1, . . . , χd, π0) = Ind
G
P (χ1 ⊠ · · ·⊠ χd ⊠ π0)
for the associated normalized parabolically induced representation. When d = 0, we interpret I(χ1, . . . , χd, π0)
as π0.
2.3. (Limits of) discrete series representations. Recall that the discrete series representations of G
are parametrized by Harish-Chandra parameters (which are dominant for ∆+c )
λ = (λ1, . . . , λn) ∈
√−1t∗0,
where
• λi ∈ Z+ n−12 ;• λi 6= λj if i 6= j;
• λ1 > · · · > λp and λp+1 > · · · > λn.
More generally, the (limits of) discrete series representations of G are parametrized by pairs (λ,Ψ) con-
sisting of λ ∈ √−1t∗0 of the form
(2.1) λ = (λ1, . . . , λ1︸ ︷︷ ︸
p1
, . . . , λk, . . . , λk︸ ︷︷ ︸
pk
, λ1, . . . , λ1︸ ︷︷ ︸
q1
, . . . , λk, . . . , λk︸ ︷︷ ︸
qk
),
where
• λi ∈ Z+ n−12 ;• λ1 > · · · > λk;
• pi, qj ≥ 0;
• (pi, qi) 6= (0, 0) and |pi − qi| ≤ 1 for all i;
• p1 + · · · + pk = p and q1 + · · ·+ qk = q,
and a positive system Ψ of ∆ such that
• ∆+c ⊂ Ψ;
• 〈λ, α〉 ≥ 0 for all α ∈ Ψ;
• if α is a simple root in Ψ such that 〈λ, α〉 = 0, then α is noncompact.
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Note that if (λ,Ψ) corresponds to a discrete series representation, then Ψ is uniquely determined by λ.
2.4. Tempered representations. We say that a character χ of C× is conjugate selfdual with sign +1
(resp. −1) if χ|R× = 1 (resp. χ|R× = sgn).
Recall that any irreducible tempered representation of G can be realized as a subrepresentation of
I(χ1, . . . , χd, π0), where
• d is a nonnegative integer with d ≤ min{p, q};
• χ1, . . . , χd are unitary characters of C×;
• π0 is a discrete series representation of U(p− d, q − d).
More precisely, we have the following results of Knapp–Zuckerman [10, 11].
Lemma 2.1. Assume that p, q > 0. Let χ be a conjugate selfdual character of C× with sign (−1)n−1, so
that
χ(z) =
(
z√
zz¯
)2κ
for some κ ∈ Z + n−12 . Let π0 be a (limit of) discrete series representation of U(p − 1, q − 1) associated
to a pair (λ0,Ψ0) as in §2.3.
• If κ = λ0,i for some i, then I(χ, π0) is irreducible and is a limit of discrete series representation of
G.
• If κ 6= λ0,i for all i, then we have I(χ, π0) = π ⊕ π′, where π and π′ are distinct limits of discrete
series representations of G.
(See §4.2 below for more explicit description.)
Lemma 2.2. Let d be a nonnegative integer with d ≤ min{p, q}. Let ξ1, . . . , ξd be unitary characters of C×
which are not conjugate selfdual with sign (−1)n−1. Let π0 be a (limit of) discrete series representation
of U(p − d, q − d). Then I(ξ1, . . . , ξd, π0) is irreducible and tempered.
In particular, we may write an irreducible tempered representation π of G as
(2.2) π = I(ξ1, . . . , ξd, π0),
where
• d is a nonnegative integer with d ≤ min{p, q};
• ξ1, . . . , ξd are unitary characters of C× which are not conjugate selfdual with sign (−1)n−1;
• π0 is a (limit of) discrete series representation of U(p− d, q − d).
2.5. Cohomologically induced representations. For x ∈ √−1t0, let l (resp. u) be the sum of zero
(resp. positive) eigenspaces of ad(x) in g. Then q = l⊕ u is a θ-stable parabolic subalgebra of g. We also
write
q = q(x)
to indicate the dependence on x. Let L be the normalizer of q in G, so that l is the complexified Lie
algebra of L. If x is of the form
(2.3) x = (x1, . . . , x1︸ ︷︷ ︸
p1
, . . . , xk, . . . , xk︸ ︷︷ ︸
pk
, x1, . . . , x1︸ ︷︷ ︸
q1
, . . . , xk, . . . , xk︸ ︷︷ ︸
qk
),
where
• xi ∈ R;
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• x1 > · · · > xk;
• pi, qj ≥ 0;
• (pi, qi) 6= (0, 0) for all i;
• p1 + · · · + pk = p and q1 + · · ·+ qk = q,
then we have
L ∼= U(p1, q1)× · · · ×U(pk, qk).
Let λ be the differential of a character of L and regard it as an element in
√−1t∗0 by restriction. We
consider a cohomologically induced representation
Aq(λ)
defined by [9, (5.6)]. The following summarizes some basic properties of Aq(λ).
• The infinitesimal character of Aq(λ) is λ+ ρ. Here we choose a positive system ∆+ of ∆ containing
∆(u) and put ρ = 12
∑
α∈∆+ α.
• If λ is in the good range, i.e.
〈λ+ ρ, α〉 > 0
for all α ∈ ∆(u), then Aq(λ) is nonzero and irreducible.
• If λ is in the weakly fair range, i.e.
〈λ+ ρ(u), α〉 ≥ 0
for all α ∈ ∆(u), then Aq(λ) is unitary (but possibly zero).
We also have the following, which is special to unitary groups.
• If λ is in the weakly fair range and Aq(λ) is nonzero, then it is irreducible by [14, 20].
• There is an algorithm due to Trapa [20] which determines the nonvanishing and the Langlands
parameter of Aq(λ) with λ in the weakly fair range.
Moreover, we have the following irreducibility result of Matumoto [14, Theorem 3.3.1(2)].
Lemma 2.3. Let d be a nonnegative integer with d ≤ min{p, q}. Let ξ1, . . . , ξd be unitary characters of
C× which are not conjugate selfdual with sign (−1)n−1. Let π0 be a cohomologically induced representation
of U(p − d, q − d) which is weakly fair and nonzero. Then I(ξ1, . . . , ξd, π0) is irreducible.
In this paper, we will use a normalized version of Aq(λ), which makes the statement of the main
theorems cleaner. Put
nAq(λ) = Aq(λ− ρ(u)),
where if x is of the form (2.3), then λ ∈ √−1t∗0 is of the form
λ = (λ1, . . . , λ1︸ ︷︷ ︸
p1
, . . . , λk, . . . , λk︸ ︷︷ ︸
pk
, λ1, . . . , λ1︸ ︷︷ ︸
q1
, . . . , λk, . . . , λk︸ ︷︷ ︸
qk
)
with λi ∈ Z+ 12(n− pi − qi). Note that
• nAq(λ) is good if and only if λi ≥ λi+1 + 12(pi + qi + pi+1 + qi+1) for all i;
• nAq(λ) is weakly fair if and only if λi ≥ λi+1 for all i.
With this normalization, we may write a (limit of) discrete series representation π of G associated to a
pair (λ,Ψ) as in §2.3 as
(2.4) π = nAb(λ),
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where b = t⊕ n is the θ-stable Borel subalgebra of g with nilpotent radical n such that ∆(n) = Ψ (see [9,
§XI.8]). More explicitly, if λ is of the form (2.1) and b = q(x) is associated to
x = (x
(1)
1 , . . . , x
(1)
p1
, . . . , x
(k)
1 , . . . , x
(k)
pk
, y
(1)
1 , . . . , y
(1)
q1
, . . . , y
(k)
1 , . . . , y
(k)
qk
),
then the conditions on Ψ as in §2.3 are equivalent to the following conditions on x:
• x(1)1 > · · · > x(1)p1 > · · · > x(k)1 > · · · > x(k)pk ;
• y(1)1 > · · · > y(1)q1 > · · · > y(k)1 > · · · > y(k)qk ;
• x(i)pi > y(i+1)1 for all 1 ≤ i < k;
• x(j)qj > x(j+1)1 for all 1 ≤ j < k;
• if pi − qi = 0, then either
x
(i)
1 > y
(i)
1 > x
(i)
2 > y
(i)
2 > · · · > x(i)pi > y(i)qi
or
y
(i)
1 > x
(i)
1 > y
(i)
2 > x
(i)
2 > · · · > y(i)qi > x(i)pi ;
• if pi − qi = 1, then
x
(i)
1 > y
(i)
1 > x
(i)
2 > y
(i)
2 > · · · > x(i)qi > y(i)qi > x(i)pi ;
• if pi − qi = −1, then
y
(i)
1 > x
(i)
1 > y
(i)
2 > x
(i)
2 > · · · > y(i)pi > x(i)pi > y(i)qi .
Note that if π is a discrete series representation, then b is uniquely determined by λ.
3. Statement of the main theorems
In this section, we state the main theorems of this paper, which describe the theta lifts of tempered
representations of real unitary groups explicitly.
3.1. Setup. We follow the convention in [7]. Let V be an m-dimensional Hermitian space over C and
W an n-dimensional skew-Hermitian space over C. Let (r, s) and (p, q) be the signatures of V and W ,
respectively, so that r + s = m and p + q = n. As in §2.1, we identify U(V ) and U(W ) with U(r, s)
and U(p, q), respectively. We denote by ωV,W,χV ,χW ,ψ the Weil representation of U(V )×U(W ) relative to
(χV , χW , ψ) as in [7, §2.2], where
• χV , χW are characters of C× given by
χV (z) =
(
z√
zz¯
)m0
, χW (z) =
(
z√
zz¯
)n0
for some fixed integers m0, n0 such that
m0 ≡ m mod 2, n0 ≡ n mod 2;
• ψ is the character of R given by
ψ(x) = e−2pi
√−1x.
For any irreducible representation π of U(W ), we denote by θV,W,χV ,χW ,ψ(π) its theta lift to U(V ), i.e. an
irreducible representation of U(V ) such that
HomU(V )×U(W )(ωV,W,χV ,χW ,ψ, θV,W,χV ,χW ,ψ(π)⊠ π) 6= 0,
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which is uniquely determined (if exists) by the Howe duality [6]. If such a representation does not exist,
we interpret θV,W,χV ,χW ,ψ(π) as zero. For brevity, we also write
θr,s(π) = θV,W,χV ,χW ,ψ(π).
3.2. Explicit description of theta lifts. We now state our main theorems.
Theorem 3.1. Let π be a (limit of) discrete series representation of U(W ) = U(p, q) and write π = nAb(λ)
as in (2.4). Assume that its theta lift θr,s(π) to U(V ) = U(r, s) is nonzero. Then we have
θr,s(π) =
nAq(λ
′),
where q and λ′ are given as follows.
(i) Assume that m > n. Write
λ = (α1, . . . , αp+ , β1, . . . , βp− , γ1, . . . , γq+ , δ1, . . . , δq−) +
(
m0
2
, . . . ,
m0
2
)
,
where
• αi, γj > 0 and βi, δj ≤ 0;
• p+ + p− = p and q+ + q− = q,
and b = q(x) with
x = (x+1 , . . . , x
+
p+
, x−1 , . . . , x
−
p−
, y+1 , . . . , y
+
q+
, y−1 , . . . , y
−
q−
).
We assume without loss of generality that
• x+1 > · · · > x+p+ > 0 > x−1 > · · · > x−p−;
• y+1 > · · · > y+q+ > 0 > y−1 > · · · > y−q−.
Then
• p+ + q− ≤ r and p− + q+ ≤ s;
• λ′ is given by
λ′ = (α1, . . . , αp+ , 0, . . . , 0︸ ︷︷ ︸
r−p+−q−
, δ1, . . . , δq− , γ1, . . . , γq+ , 0, . . . , 0︸ ︷︷ ︸
s−p−−q+
, β1, . . . , βp−) +
(
n0
2
, . . . ,
n0
2
)
;
• q = q(x′) is associated to
x′ = (x+1 , . . . , x
+
p+
, 0, . . . , 0︸ ︷︷ ︸
r−p+−q−
, y−1 , . . . , y
−
q−
, y+1 , . . . , y
+
q+
, 0, . . . , 0︸ ︷︷ ︸
s−p−−q+
, x−1 , . . . , x
−
p−
).
(ii) Assume that m ≤ n. Write
λ =
(
α1, . . . , αp+ ,
k − 1
2
, . . . ,
k − 1
2︸ ︷︷ ︸
p1
,
k − 3
2
, . . . ,
k − 3
2︸ ︷︷ ︸
p2
, . . . ,−k − 1
2
, . . . ,−k − 1
2︸ ︷︷ ︸
pk
, β1, . . . , βp− ,
γ1, . . . , γq+ ,
k − 1
2
, . . . ,
k − 1
2︸ ︷︷ ︸
q1
,
k − 3
2
, . . . ,
k − 3
2︸ ︷︷ ︸
q2
, . . . ,−k − 1
2
, . . . ,−k − 1
2︸ ︷︷ ︸
qk
, δ1, . . . , δq−
)
+
(
m0
2
, . . . ,
m0
2
)
,
where
• αi, γj > k−12 and βi, δj < −k−12 ;• k = n−m;
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• pi, qj ≥ 0;
• |pi − qi| ≤ 1 for all i;
• p+ + p− + p1 + · · · + pk = p and q+ + q− + q1 + · · ·+ qk = q,
and b = q(x) with
x = (x+1 , . . . , x
+
p+
, x
(1)
1 , . . . , x
(1)
p1
, x
(2)
1 , . . . , x
(2)
p2
, . . . , x
(k)
1 , . . . , x
(k)
pk
, x−1 , . . . , x
−
p−
,
y+1 , . . . , y
+
q+
, y
(1)
1 , . . . , y
(1)
q1
, y
(2)
1 , . . . , y
(2)
q2
, . . . , y
(k)
1 , . . . , y
(k)
qk
, y−1 , . . . , y
−
q−
).
(When k = 0, we interpret λ and x as
(α1, . . . , αp+ , β1, . . . , βp− , γ1, . . . , γq+ , δ1, . . . , δq−) +
(
m0
2
, . . . ,
m0
2
)
and
x = (x+1 , . . . , x
+
p+
, x−1 , . . . , x
−
p−
, y+1 , . . . , y
+
q+
, y−1 , . . . , y
−
q−
),
respectively.) Then
• pi + qi > 0 for all 1 ≤ i ≤ k;
• if k ≥ 2, then either the conditions
(1) pi − qi = 1 for all 1 < i < k;
(2) p1 − q1 = 1 or 0;
(3) pk − qk = 1 or 0,
or the conditions
(4) pi − qi = −1 for all 1 < i < k;
(5) p1 − q1 = −1 or 0;
(6) pk − qk = −1 or 0
hold;
• if k ≥ 2, then
y
(1)
1 > x
(1)
1 > · · · > y(1)q1 > x(1)p1 if the conditions (1), (2), (3) hold and p1 − q1 = 0;
x
(k)
1 > y
(k)
1 > · · · > x(k)pk > y(k)qk if the conditions (1), (2), (3) hold and pk − qk = 0;
x
(1)
1 > y
(1)
1 > · · · > x(1)p1 > y(1)q1 if the conditions (4), (5), (6) hold and p1 − q1 = 0;
y
(k)
1 > x
(k)
1 > · · · > y(k)qk > x(k)pk if the conditions (4), (5), (6) hold and pk − qk = 0;
• r = p+ + q− + r1 + · · ·+ rk and s = p− + q+ + s1 + · · · + sk, where
(ri, si) =
{
(pi − 1, qi) if pi − qi = 1, or pi − qi = 0 and y(i)1 > x(i)1 > · · · > y(i)qi > x(i)pi ;
(pi, qi − 1) if pi − qi = −1, or pi − qi = 0 and x(i)1 > y(i)1 > · · · > x(i)pi > y(i)qi ;
• λ′ is given by
λ′ =
(
α1, . . . , αp+ ,
k − 1
2
, . . . ,
k − 1
2︸ ︷︷ ︸
r1
,
k − 3
2
, . . . ,
k − 3
2︸ ︷︷ ︸
r2
, . . . ,−k − 1
2
, . . . ,−k − 1
2︸ ︷︷ ︸
rk
, δ1, . . . , δq− ,
γ1, . . . , γq+ ,
k − 1
2
, . . . ,
k − 1
2︸ ︷︷ ︸
s1
,
k − 3
2
, . . . ,
k − 3
2︸ ︷︷ ︸
s2
, . . . ,−k − 1
2
, . . . ,−k − 1
2︸ ︷︷ ︸
sk
, β1, . . . , βp−
)
+
(
n0
2
, . . . ,
n0
2
)
;
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• q = q(x′) is associated to
x′ = (x+1 , . . . , x
+
p+
, z
(1)
1 , . . . , z
(1)
r1
, z
(2)
1 , . . . , z
(2)
r2
, . . . , z
(k)
1 , . . . , z
(k)
rk
, y−1 , . . . , y
−
q−
,
y+1 , . . . , y
+
q+
, w
(1)
1 , . . . , w
(1)
s1
, w
(2)
1 , . . . , w
(2)
s2
, . . . , w
(k)
1 , . . . , w
(k)
sk
, x−1 , . . . , x
−
p−
)
such that {
z
(i)
1 > w
(i)
1 > · · · > z(i)ri > w(i)si if pi − qi = 1;
w
(i)
1 > z
(i)
1 > · · · > w(i)si > z(i)ri if pi − qi = −1.
In particular, θr,s(π) is a (limit of) discrete series representation when m ≤ n + 1. Also, this theorem
shows that if θr,s(π) is nonzero, then the associated cohomologically induced representation
nAq(λ
′) is
nonzero, which was not known when m ≥ n + 2 and nAq(λ′) is not good. It is not clear to the author
whether this nonvanishing follows directly from a result of Trapa [20, Theorem 7.9].
Theorem 3.2. Let π be an irreducible tempered representation of U(W ) = U(p, q) and write π =
I(ξ1, . . . , ξd, π0) as in (2.2). Assume that its theta lift θr,s(π) to U(V ) = U(r, s) is nonzero. Then we
have d ≤ min{r, s} and
θr,s(π) = I(ξ1χ
−1
V χW , . . . , ξdχ
−1
V χW , θr−d,s−d(π0)).
The rest of this paper is devoted to the proof of Theorems 3.1 and 3.2.
4. L- and A-packets
In this section, we describe the representations in some L- and A-packets for real unitary groups
explicitly.
4.1. Preliminaries. LetWR andWC = C
× be the Weil groups of R and C, respectively. For any κ ∈ 12Z,
we define a character χκ of C
× by
χκ(z) =
(
z√
zz¯
)2κ
.
For any character ξ of C×, we define another character ξˇ of C× by ξˇ(z) = ξ(z¯)−1. For any positive integer
d, we denote by Sd the unique d-dimensional irreducible representation of SL2(C).
Following [4, §8], we regard an L-parameter φ : WR → LUn (resp. an A-parameter φ : WR × SL2(C)→
LUn) for Un as an n-dimensional conjugate selfdual representation of WC (resp. WC × SL2(C)) with sign
(−1)n−1. Here Un stands for any unitary group U(p, q) with p + q = n and LUn = GLn(C) ⋊WR is the
L-group of Un. For such a parameter φ, we denote by Sφ the component group of the centralizer of the
image of φ in GLn(C) and by Ŝφ the group of characters of Sφ. Note that Sφ is a free Z/2Z-module of
finite rank.
Let Irr(U(p, q)) be the set of equivalence classes of irreducible representations of U(p, q). Then the local
Langlands correspondence gives a partition of Irr(U(p, q)) into finite sets called L-packets:
(4.1) Irr(U(p, q)) =
⊔
φ
Πφ(U(p, q)),
where φ runs over L-parameters for Un with n = p+ q. Moreover, there exists a canonical bijection⊔
p+q=n
Πφ(U(p, q)) ↔ Ŝφ
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depending on a Whittaker datum, which we choose as in [7, §5.2]. We denote by π(φ, η) the irreducible
representation associated to η ∈ Ŝφ.
To any A-parameter φ for Un with n = p+ q, Arthur’s endoscopic classification [16, 8] assigns a finite
set called an A-packet
Πφ(U(p, q))
consisting of semisimple representations of U(p, q) of finite length, which are indexed by Ŝφ. We denote
by σ(φ, η) the representation associated to η ∈ Ŝφ.
4.2. (Limits of) discrete series L-packets. Let Irrlds(U(p, q)) be the set of equivalence classes of
(limits of) discrete series representations of U(p, q). Then (4.1) restricts to a partition
Irrlds(U(p, q)) =
⊔
φ
Πφ(U(p, q)),
where φ runs over (limits of) discrete series L-parameters for Un with n = p + q. Here we say that an
L-parameter φ for Un is (limit of) discrete series if φ is of the form
φ = χκ1 ⊕ · · · ⊕ χκn
with κi ∈ Z+ n−12 . For such a parameter φ, we assume without loss of generality that κ1 ≥ · · · ≥ κn and
identify Sφ with a quotient of a free Z/2Z-module
S˜φ = (Z/2Z)e1 ⊕ · · · ⊕ (Z/2Z)en,
where ei corresponds to χκi , in such a way that Ŝφ consists of the characters η of S˜φ satisfying
η(ei) = η(ej)
for all i, j such that κi = κj .
Let η ∈ Ŝφ. For 1 ≤ i ≤ n, we define a pair of integers (pi, qi) by
(pi, qi) =
{
(1, 0) if η(ei) = (−1)i−1;
(0, 1) if η(ei) = (−1)i.
Then by [15, The´ore`me 1.1], π(φ, η) is a representation of U(p, q) if and only if
p = p1 + · · ·+ pn, q = q1 + · · · + qn,
in which case we have
η(e1 + · · ·+ en) = (−1)
1
2
(p−q)(p−q−1)
and
π(φ, η) = nAb(λ).
Here λ is given by
λ = (κ1, . . . , κ1︸ ︷︷ ︸
p1
, . . . , κn, . . . , κn︸ ︷︷ ︸
pn
, κ1, . . . , κ1︸ ︷︷ ︸
q1
, . . . , κn, . . . , κn︸ ︷︷ ︸
qn
)
and b = q(x) is associated to
x = (x1, . . . , x1︸ ︷︷ ︸
p1
, . . . , xn, . . . , xn︸ ︷︷ ︸
pn
, x1, . . . , x1︸ ︷︷ ︸
q1
, . . . , xn, . . . , xn︸ ︷︷ ︸
qn
)
for any x1, . . . , xn ∈ R such that x1 > · · · > xn.
Assume that p, q > 0. Let χ be a conjugate selfdual character of C× with sign (−1)n−1, so that χ = χκ
for some κ ∈ Z + n−12 . Let π0 be a (limit of) discrete series representation of U(p − 1, q − 1) and write
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π0 = π(φ0, η0), where φ0 is a (limit of) discrete series L-parameter for Un−2 and η0 is a character of Sφ0 .
Define a (limit of) discrete series L-parameter for Un by
φ = 2χ⊕ φ0.
We may naturally identify Sφ0 with a subgroup of Sφ. Then we have
I(χ, π0) =
⊕
η
π(φ, η),
where η runs over elements in Ŝφ such that η|Sφ0 = η0.
4.3. Tempered L-packets. Let Irrtemp(U(p, q)) be the set of equivalence classes of irreducible tempered
representations of U(p, q). Then (4.1) restricts to a partition
Irrtemp(U(p, q)) =
⊔
φ
Πφ(U(p, q)),
where φ runs over tempered L-parameters for Un with n = p+ q. Here we say that an L-parameter φ for
Un is tempered if φ is of the form
φ = χκ1 ⊕ · · · ⊕ χκn0 ⊕ ξ1 ⊕ · · · ⊕ ξd ⊕ ξˇ1 ⊕ · · · ⊕ ξˇd,
where
• κi ∈ Z+ n−12 ;
• ξi is a unitary character of C× which is not conjugate selfdual with sign (−1)n−1;
• n0 + 2d = n.
For such a parameter φ, we define a (limit of) discrete series L-parameter φ0 for Un0 by
φ0 = χκ1 ⊕ · · · ⊕ χκn0 .
Then Πφ(U(p, q)) consists of the parabolically induced representations
I(ξ1, . . . , ξd, π0)
for all π0 ∈ Πφ0(U(p− d, q− d)), which are irreducible by Lemma 2.2. (When d > min{p, q}, we interpret
Πφ0(U(p − d, q − d)) as the empty set.) Moreover, via the natural identification Sφ = Sφ0 , the character
of Sφ associated to I(ξ1, . . . , ξd, π0) is equal to the character of Sφ0 associated to π0.
4.4. Some A-packets. We consider the A-packet Πφ′(U(r, s)), where φ
′ is an A-parameter for Um with
m = r + s of the form
φ′ = χµ1 ⊕ · · · ⊕ χµn ⊕ (χµ0 ⊠ Sm−n),
where
• µi ∈ Z+ m−12 for i 6= 0;• µ0 ∈ Z+ n2 ;• µ1 ≥ · · · ≥ µi0−1 > µ0 ≥ µi0 ≥ · · · ≥ µn;
• m > n.
For such a parameter φ′, we identify Sφ′ with a quotient of a free Z/2Z-module
S˜φ′ = (Z/2Z)e
′
1 ⊕ · · · ⊕ (Z/2Z)e′n ⊕ (Z/2Z)e′0,
where e′i corresponds to χµi (resp. χµ0 ⊠ Sm−n) if i 6= 0 (resp. i = 0), in such a way that Ŝφ′ consists of
the characters η′ of S˜φ′ satisfying
η′(e′i) = η
′(e′j)
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for all i, j such that µi = µj with either i, j 6= 0 or i 6= 0, j = 0, m− n = 1.
Let η′ ∈ Ŝφ′ . For 1 ≤ i ≤ n+ 1, we define a pair of integers (ri, si) by
(ri, si) =

(1, 0) if i < i0 and η
′(e′i) = (−1)i−1;
(0, 1) if i < i0 and η
′(e′i) = (−1)i;
(1, 0) if i > i0 and η
′(e′i−1) = (−1)i+m−n;
(0, 1) if i > i0 and η
′(e′i−1) = (−1)i+m−n−1
and
(ri0 , si0) = (r − r1 − · · · − ri0−1 − ri0+1 · · · − rn+1, s− s1 − · · · − si0−1 − si0+1 · · · − sn+1).
Note that ri0 + si0 = m−n. Then by [15, The´ore`me 1.1], the representation σ(φ′, η′) of U(r, s) is nonzero
only if
ri0 , si0 ≥ 0
and
η′(e′1 + · · · + e′n + e′0) = (−1)
1
2
(r−s)(r−s−1),
in which case we have
σ(φ′, η′) = nAq(λ′).
Here λ′ is given by
λ′ = (λ′1, . . . , λ
′
1︸ ︷︷ ︸
r1
, . . . , λ′n+1, . . . , λ
′
n+1︸ ︷︷ ︸
rn+1
, λ′1, . . . , λ
′
1︸ ︷︷ ︸
s1
, . . . , λ′n+1, . . . , λ
′
n+1︸ ︷︷ ︸
sn+1
)
with
λ′i =

µi if i < i0;
µ0 if i = i0;
µi−1 if i > i0
and q = q(x′) is associated to
x′ = (x′1, . . . , x
′
1︸ ︷︷ ︸
r1
, . . . , x′n+1, . . . , x
′
n+1︸ ︷︷ ︸
rn+1
, x′1, . . . , x
′
1︸ ︷︷ ︸
s1
, . . . , x′n+1, . . . , x
′
n+1︸ ︷︷ ︸
sn+1
)
for any x′1, . . . , x
′
n+1 ∈ R such that x′1 > · · · > x′n+1. Moreover, if two representations σ(φ′, η′1), σ(φ′, η′2)
with η′1, η
′
2 ∈ Ŝφ′ are nonzero and isomorphic, then we have η′1 = η′2.
5. Nonvanishing of theta lifts
In this section, we review a criterion for the nonvanishing of theta lifts due to Atobe [1].
5.1. Some invariants. Let W be an n-dimensional skew-Hermitian space over C. Fix k0 = −1 or 0. We
consider the theta lifting from U(W ) to U(V ), where V varies over m-dimensional Hermitian spaces over
C with
m ≡ n+ k0 mod 2.
Fix an integer m0 with m0 ≡ n+ k0 mod 2 and take the character χV of C× given by
χV (z) =
(
z√
zz¯
)m0
.
Let π be an irreducible tempered representation of U(W ). Following [1, §4.1], we define some invariants
of π (relative to k0 and m0) as follows.
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Write π = π(φ, η), where φ is a tempered L-parameter for Un and η is a character of Sφ. We may write
φ as
φ = (m1χκ1 ⊕ · · · ⊕maχκa ⊕ n1χµ1 ⊕ · · · ⊕ nbχµb ⊕ ξ1 ⊕ · · · ⊕ ξd ⊕ ξˇ1 ⊕ · · · ⊕ ξˇd)⊗ χV ,
where
• κi, µj ∈ Z+ k0−12 ;• κi 6= µj for all i, j;
• κ1 > · · · > κa and µ1 > · · · > µb;
• ξi is a unitary character of C× which is not conjugate selfdual with sign (−1)n−1;
• mi and nj are odd and even positive integers, respectively;
• m1 + · · · +ma + n1 + · · · + nb + 2d = n.
Then Sφ is a free Z/2Z-module of the form
Sφ = (Z/2Z)e˜κ1 ⊕ · · · ⊕ (Z/2Z)e˜κa ⊕ (Z/2Z)e˜µ1 ⊕ · · · ⊕ (Z/2Z)e˜µb ,
where e˜κi and e˜µj correspond to χκiχV and χµjχV , respectively. Put
ǫκi = η(e˜κi), ǫµj = η(e˜µj ).
(i) Let kpi be the largest positive integer such that
• kpi ≡ k0 mod 2;
• {kpi−12 , kpi−32 , . . . ,−kpi−12 } ⊂ {κ1, . . . , κa};• ǫ kpi+1
2
−i 6= ǫ kpi−1
2
−i for all 1 ≤ i < kpi.
If such an integer does not exist, we put kpi = k0.
(ii) Put
rpi = #
{
1 ≤ i ≤ a
∣∣∣∣ |κi| ≥ kpi + 12 , (−1)i−1ǫκiκi > 0
}
+
n− a
2
,
spi = #
{
1 ≤ i ≤ a
∣∣∣∣ |κi| ≥ kpi + 12 , (−1)i−1ǫκiκi < 0
}
+
n− a
2
.
(iii) Define a finite subset Xpi of 12Z× {±1} by
Xpi = {(κi, (−1)i−1ǫκi) | 1 ≤ i ≤ a} ∪ {(µj ,+1), (µj ,−1) | 1 ≤ j ≤ b, ǫµj 6= (−1)cj},
where cj = {1 ≤ i ≤ a |κi > µj}.
(iv) Define a sequence
Xpi = X (0)pi ⊃ X (1)pi ⊃ · · · ⊃ X (j)pi ⊃ · · ·
inductively as follows. Write the image of X (j)pi under the projection 12Z× {±1} → 12Z as
{ν1, ν2, . . . }
with ν1 > ν2 > · · · and define a subset X (j+1)pi of X (j)pi by
X (j+1)pi = X (j)pi r
(⋃
i
{(νi,+1), (νi+1,−1)}
)
,
where i runs over indices such that
• (νi,+1), (νi+1,−1) ∈ X (j)pi ;
• min{|νi|, |νi+1|} ≥ kpi+12 ;• νiνi+1 ≥ 0.
(v) Put
X (∞)pi = X (n)pi = X (n+1)pi = · · · .
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(vi) For any integer x, we define subsets C±pi (x) of X (∞)pi by
C+pi (x) =
{
(ν,+1) ∈ X (∞)pi
∣∣∣∣ 0 ≤ kpi − 12 + ν < x
}
,
C−pi (x) =
{
(ν,−1) ∈ X (∞)pi
∣∣∣∣ 0 ≤ kpi − 12 − ν < x
}
.
5.2. A result of Atobe. We have the following criterion for the nonvanishing of θr,s(π) due to Atobe
[1, Theorem 4.2], which relies on the Gan–Gross–Prasad conjecture [4] for real unitary groups but is now
unconditional thanks to a recent result of Xue [22]. Note that the statement of [1, Theorem 4.2] is not
correct as stated but the argument in [1, §5] yields:
Theorem 5.1. Let π be an irreducible tempered representation of U(W ). Let l, t be integers with t ≥ 1.
(i) Assume that kpi = −1. Then
• θrpi+l+2t+1,spi+l(π) is nonzero if and only if{
l ≥ 0, #C+pi (l + t) ≤ l, #C−pi (l + t) ≤ l if (0,+1), (0,−1) /∈ Xpi;
l ≥ 1, #C+pi (l + t) ≤ l − 1, #C−pi (l + t) ≤ l − 1 if (0,+1), (0,−1) ∈ Xpi;
• θrpi+l+1,spi+l(π) is nonzero if and only if
l ≥ 0 if 0 /∈ {µ1, . . . , µb};
l ≥ −1 if 0 ∈ {µ1, . . . , µb} and (0,+1), (0,−1) /∈ Xpi;
l ≥ 1 if 0 ∈ {µ1, . . . , µb} and (0,+1), (0,−1) ∈ Xpi.
(ii) Assume that kpi ≥ 0. Then
• θrpi+l+2t,spi+l(π) is nonzero if and only if
l ≥ kpi, #C+pi (l + t) ≤ l, #C−pi (l + t) ≤ l;
• θrpi+l,spi+l(π) is nonzero if and only if{
l ≥ −1 if the conditions (1), (2), (3) below hold;
l ≥ 0 otherwise,
where
(1) {kpi+12 ,−kpi+12 } ⊂ {κ1, . . . , κa, µ1, . . . , µb};
(2) {kpi+12 ,−kpi+12 } ∩ {µ1, . . . , µb} 6= ∅;
(3) ǫ kpi+1
2
−i 6= ǫ kpi−1
2
−i for all 0 ≤ i ≤ kpi.
Remark 5.2. To determine the nonvanishing of θr,s(π) with r + s = m, we may assume that
r − rpi ≥ s− spi
by replacing (r, s) by (s, r) and π by π˜ = π¯ ⊗ (χV ◦ det) if necessary. Indeed, we have θr,s(π) 6= 0 if and
only if θs,r(π˜) 6= 0 by [1, Proposition 3.9], while we have
kp˜i = kpi, (rp˜i, sp˜i) = (spi, rpi)
by [1, Lemma 4.4]. If r − rpi ≥ s− spi, then since m− n ≡ kpi mod 2 and
n =
{
rpi + spi if kpi = −1;
rpi + spi + kpi if kpi ≥ 0,
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we have
(r − rpi)− (s− spi) =
{
2t+ 1 if kpi = −1;
2t if kpi ≥ 0
for some nonnegative integer t. Thus Theorem 5.1 completely determines the nonvanishing of θr,s(π).
5.3. Some corollaries. In this subsection, we state some corollaries of Theorem 5.1 which will be used
later. We consider the theta lifting from U(p, q) to U(r, s) with p+ q = n and r + s = m.
Corollary 5.3. Assume that p, q > 0. Let π be an irreducible tempered representation of U(p, q) such
that π ⊂ I(χ, π0), where
• χ is a unitary character of C×;
• π0 is an irreducible tempered representation of U(p − 1, q − 1).
Assume further that θr,s(π) 6= 0 and that either m > n or χ satisfies one of the following conditions (with
the notation of §5.1):
• χ = χκi for some i such that mi ≥ 3;
• χ = χµj for some j such that nj ≥ 4;
• χ is not conjugate selfdual with sign (−1)n−1.
Then we have r, s > 0 and θr−1,s−1(π0) 6= 0.
Proof. If m > n, then the assertion was proved in [1, Corollary 4.5]. Thus we assume that χ satisfies one
of the conditions above. We may assume that r − rpi ≥ s− spi. By Theorem 5.1, we have
r ≥ rpi − 1, s ≥ spi − 1
with equality only if b > 0. On the other hand, we have
rpi, spi ≥
a∑
i=1
mi − 1
2
+
b∑
j=1
nj
2
+ d.
From this and the assumption on χ, we can deduce that r, s > 0. Moreover, we have
rpi0 = rpi − 1, spi0 = spi − 1, Xpi0 = Xpi, C±pi0(x) = C±pi (x).
Hence by Theorem 5.1, we have θr−1,s−1(π0) 6= 0. This completes the proof. 
Corollary 5.4. Let π be a (limit of) discrete series representation of U(p, q) and write π = nAb(λ) as in
(2.4) with
λ = (α1, . . . , αp+ , β1, . . . , βp− , γ1, . . . , γq+ , δ1, . . . , δq−) +
(
m0
2
, . . . ,
m0
2
)
,
where
• αi, γj > 0 and βi, δj ≤ 0;
• p+ + p− = p and q+ + q− = q.
Assume that m ≥ n and θr,s(π) 6= 0. Then we have
p+ + q− ≤ r, p− + q+ ≤ s.
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Proof. We may assume that r − rpi ≥ s− spi, so that
(r, s) =
{
(rpi + l + 2t+ 1, spi + l) if kpi = −1;
(rpi + l + 2t, spi + l) if kpi ≥ 0
for some integers l, t with t ≥ 0. Since m ≥ n and θr,s(π) 6= 0, it follows from Theorem 5.1 that{
l ≥ 0 if kpi = −1;
l ≥ kpi2 if kpi ≥ 0.
On the other hand, we have
(rpi, spi) =

(p+ + q−, p− + q+) if kpi = −1;
(p+ + q− − kpi2 , p− + q+ − kpi2 ) if kpi ≥ 0 and kpi is even;
(p+ + q− − kpi±12 , p− + q+ − kpi∓12 ) if kpi ≥ 0 and kpi is odd.
This implies the assertion. 
Corollary 5.5. Let π be a (limit of) discrete series representation of U(p, q). Assume that m ≤ n − 2
and θr,s(π) 6= 0. Put k = n−m. Then one of the following holds:
• kpi ≥ 2, 2 ≤ k ≤ kpi, and
(r, s) = (rpi +
kpi−k
2 , spi +
kpi−k
2 );
• kpi ≥ 0, k = kpi + 2,
(r, s) = (rpi − 1, spi − 1),
and the conditions (1), (2), (3) in Theorem 5.1 hold.
Proof. We may assume that r − rpi ≥ s− spi, so that
(r, s) =
{
(rpi + l + 2t+ 1, spi + l) if kpi = −1;
(rpi + l + 2t, spi + l) if kpi ≥ 0
for some integers l, t with t ≥ 0. Since m ≤ n− 2 and
n =
{
rpi + spi if kpi = −1;
rpi + spi + kpi if kpi ≥ 0,
we have 2l + 2t ≤ kpi − 2. Hence it follows from Theorem 5.1 that one of the following holds:
• kpi ≥ 2, 0 ≤ l ≤ kpi2 − 1, and t = 0;• kpi ≥ 0, l = −1, t = 0, and the conditions (1), (2), (3) in Theorem 5.1 hold.
This implies the assertion. 
Corollary 5.6. Let π be a (limit of) discrete series representation of U(p, q) and write π = nAb(λ) as in
(2.4). Assume that m ≥ n+ 2 and that λ is of the form
λ =
(
α1, . . . , αp+ ,
k − 1
2
, . . . ,
k − 1
2︸ ︷︷ ︸
p′
,−k − 1
2
, . . . ,−k − 1
2︸ ︷︷ ︸
p′′
, β1, . . . , βp− ,
γ1, . . . , γq+ ,
k − 1
2
, . . . ,
k − 1
2︸ ︷︷ ︸
q′
,−k − 1
2
, . . . ,−k − 1
2︸ ︷︷ ︸
q′′
, δ1, . . . , δq−
)
+
(
m0
2
, . . . ,
m0
2
)
,
where
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• αi, γj > k−12 and βi, δj < −k−12 ;• k = m− n;
• p′, p′′, q′, q′′ ≥ 0;
• |p′ − q′|, |p′′ − q′′| ≤ 1;
• p+ + p− + p′ + p′′ = p and q+ + q− + q′ + q′′ = q.
Assume further that b = q(x) is associated to
x = (x+1 , . . . , x
+
p+
, x′1, . . . , x
′
p′ , x
′′
1 , . . . , x
′′
p′′ , x
−
1 , . . . , x
−
p−
,
y+1 , . . . , y
+
q+
, y′1, . . . , y
′
q′ , y
′′
1 , . . . , y
′′
q′′ , y
−
1 , . . . , y
−
q−
)
such that either the conditions
(i) p′ − q′ = 0 and
x′1 > y
′
1 > · · · > x′p′ > y′q′ ,
or p′ − q′ = −1 and
y′1 > x
′
1 > · · · > y′p′ > x′p′ > y′q′ ;
(ii) p′′ − q′′ = 0 and
x′′1 > y
′′
1 > · · · > x′′p′′ > y′′q′′ ,
or p′′ − q′′ = 1 and
x′′1 > y
′′
1 > · · · > x′′q′′ > y′′q′′ > x′′p′′ ,
or the conditions
(iii) p′ − q′ = 0 and
y′1 > x
′
1 > · · · > y′q′ > x′p′ ,
or p′ − q′ = 1 and
x′1 > y
′
1 > · · · > x′q′ > y′q′ > x′p′ ;
(iv) p′′ − q′′ = 0 and
y′′1 > x
′′
1 > · · · > y′′q′′ > x′′p′′ ,
or p′′ − q′′ = −1 and
y′′1 > x
′′
1 > · · · > y′′p′′ > x′′p′′ > y′′q′′
hold. Then we have
θr,s(π) 6= 0,
where
(r, s) =
{
(p+ + p′ + q− + q′′ + k, p− + p′′ + q+ + q′) if the conditions (i), (ii) hold;
(p+ + p′ + q− + q′′, p− + p′′ + q+ + q′ + k) if the conditions (iii), (iv) hold.
Proof. Put
m′ = p′ + q′, m′′ = p′′ + q′′, t =
k + k0
2
,
where k0 = −1 or 0 is such that k0 ≡ k mod 2. Write π = π(φ, η), where φ is a (limit of) discrete series
L-parameter for Un and η is a character of Sφ. Then we have
η(e˜k−1
2
) = η(e˜− k−1
2
) = ǫ0 · (−1)p++q++m′
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with the notation of §5.1, where
ǫ0 =
{
+1 if the conditions (i), (ii) hold;
−1 if the conditions (iii), (iv) hold.
(When m′ = 0 orm′′ = 0, we ignore the corresponding identity.) Replacing π by π¯⊗(χV ◦det) if necessary,
we may assume that ǫ0 = +1. Then we have kpi = k0 and
(rpi, spi) = (p
+ + p′ + q− + q′′, p− + p′′ + q+ + q′).
Moreover, we have the following.
• If k0 = −1, then we have (0,+1), (0,−1) /∈ Xpi.
• If m′ is even, then we have (k−12 ,+1), (k−12 ,−1) /∈ Xpi, so that C+pi (t) = ∅.
• If m′ is odd, then we have (k−12 ,−1) ∈ Xpi but (k−12 ,+1) /∈ Xpi, so that C+pi (t) = ∅.
• If m′′ is even, then we have (−k−12 ,+1), (−k−12 ,−1) /∈ Xpi, so that C−pi (t) = ∅.
• If m′′ is odd, then we have (−k−12 ,+1) ∈ Xpi but (−k−12 ,−1) /∈ Xpi, so that C−pi (t) = ∅.
Hence by Theorem 5.1, we have
θrpi+k,spi(π) 6= 0.
This completes the proof. 
6. Nonvanishing of integrals of matrix coefficients
In this section, we show that the nonvanishing of theta lifts is equivalent to that of the associated
integrals of matrix coefficients in some cases, which is a crucial step in the proof of Theorem 3.1.
6.1. A key proposition. Let V be an m-dimensional Hermitian space over C and W an n-dimensional
skew-Hermitian space over C. Recall the associated symplectic space V ⊗CW over R and fix a maximal
isotropic subspace X of V ⊗C W . We realize the (smooth) Weil representation ω = ωV,W,χV ,χW ,ψ of
U(V ) × U(W ) on the space S(X) of Schwartz functions on X. Here S(X) is endowed with the usual
topology which makes it into a Fre´chet space. Let (·, ·) be the invariant Hermitian inner product on S(X)
given by
(ϕ1, ϕ2) =
∫
X
ϕ1(x)ϕ2(x) dx.
Let π be an irreducible tempered representation of U(W ). Here we work with a smooth representation of
moderate growth, so that the space V of π is a Fre´chet space. Let (·, ·) be an invariant Hermitian inner
product on V. If m ≥ n, then we have a separately continuous map
ZV,W,χV ,χW ,ψ(π) : S(X)× S(X)× V × V → C
given by
(ϕ1, ϕ2, v1, v2) 7→
∫
U(W )
(ω(g)ϕ1, ϕ2)(π(g)v1, v2) dg,
where the integral above is absolutely convergent (see §6.3 below).
Proposition 6.1. Let π be an irreducible tempered representation of U(W ). Assume that m ≥ n. Then
ZV,W,χV ,χW ,ψ(π) is nonzero if and only if θV,W,χV ,χW ,ψ(π) is nonzero.
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Remark 6.2. Since ZV,W,χV ,χW ,ψ(π) is separately continuous, we may replace ZV,W,χV ,χW ,ψ(π) in the
proposition above by its restriction to the dense subspace
S(X)× S(X)× VK × VK .
Here S(X) is the subspace of S(X) consisting of functions which correspond to polynomials in the Fock
model and VK is the space of K-finite vectors in V, where K is a maximal compact subgroup of U(W ).
Also, we mean θV,W,χV ,χW ,ψ(π) by either the smooth version of the theta lift of π or the algebraic version
of the theta lift of the Harish-Chandra module associated to π. In fact, they coincide by [2].
The rest of this section is devoted to the proof of Proposition 6.1.
6.2. Harish-Chandra Schwartz spaces. Put G = U(W ). Let g be the complexified Lie algebra of G
and U(g) the universal enveloping algebra of g. Let Ξ = ΞG and σ = σG be the spherical functions on G
as in [21, p. 329] and [21, p. 320], respectively. For X,Y ∈ U(g), r ∈ R, and a smooth function f on G,
put
pX,Y,r(f) = sup
g∈G
|(L(X)R(Y )f)(g)|Ξ(g)−1(1 + σ(g))r ,
where L and R are the left and right translations, respectively. We denote by C(G) the Harish-Chandra
Schwartz space, which is defined as the space of smooth functions f on G such that
pX,Y,r(f) <∞
for all X,Y ∈ U(g) and r > 0. We endow C(G) with the topology given by seminorms pX,Y,r for all
X,Y ∈ U(g) and r > 0, which makes it into a Fre´chet space. For f1, f2 ∈ C(G), we may define their
convolution f1 ∗ f2 by
(f1 ∗ f2)(g) =
∫
G
f1(h)f2(h
−1g) dh,
where the integral above is absolutely convergent. Then f1 ∗ f2 belongs to C(G) and the associated map
C(G)× C(G)→ C(G)
is continuous (see [21, p. 357, Theorem 18]).
Let π be an irreducible tempered representation of G on a Fre´chet space V. Namely, for any v1, v2 ∈ V,
there exists a constant C such that
|(π(g)v1, v2)| ≤ CΞ(g)
for all g ∈ G. We may extend the action of G on V to an action of C(G) by
(6.1) (π(f)v1, v2) =
∫
G
f(g)(π(g)v1, v2) dg
for f ∈ C(G) and v1, v2 ∈ V.
Assume that π is a discrete series representation. Then the function g 7→ (π(g)v1, v2) belongs to C(G)
for all v1, v2 ∈ V. Let A(π) be the closure in C(G) of the subspace spanned by these functions, on which
the left and right translations define an irreducible representation of G×G (see [21, p. 468, Theorem 11
and p. 469, Theorem 13]). For f1 ∈ C(G) and f2 ∈ A(π), we have f1 ∗ f2 ∈ A(π) by (6.1).
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6.3. Matrix coefficients of Weil representations. Assume that m ≥ n. Recall the Weil representa-
tion ω of G on S(X).
Lemma 6.3. For ϕ1, ϕ2 ∈ S(X), the function g 7→ (ω(g)ϕ1, ϕ2) belongs to C(G).
Proof. The assertion follows from [12, (25)] and [21, p. 330, Proposition 17]. 
Let π be an irreducible tempered representation of G on V. Then the lemma above implies that the
integral defining ZV,W,χV ,χW ,ψ(π) is absolutely convergent. Moreover, as in the proof of [12, Lemma 6.2],
we can deduce from this and the bounds for matrix coefficients due to Sun [19] that ZV,W,χV ,χW ,ψ(π) is
separately continuous.
Lemma 6.4. Assume that π is a discrete series representation and that ZV,W,χV ,χW ,ψ(π) is nonzero.
Then the functions
g 7→
∫
G
(ω(gh)ϕ1, ϕ2)(π(h)v1, v2) dh
for all ϕ1, ϕ2 ∈ S(X) and v1, v2 ∈ V span a dense subspace of A(π).
Proof. We may write the integral above as (f1 ∗ f2)(g), where
f1(g) = (ω(g)ϕ1, ϕ2), f2(g) = (π(g)v2, v1).
Since f1 ∈ C(G) by Lemma 6.3 and f2 ∈ A(π), we have f1 ∗ f2 ∈ A(π). Hence these functions span a
G×G-invariant subspace of A(π). Since ZV,W,χV ,χW ,ψ(π) 6= 0, this subspace is nonzero, so that its closure
in C(G) agrees with A(π) by the irreducibility of A(π). This completes the proof. 
6.4. Proof of Proposition 6.1. If m = n, then Proposition 6.1 was proved in [5, Proposition B.4.1].
Thus we assume that m > n. Let π be an irreducible tempered representation of G = U(W ) on V. The
only if part of Proposition 6.1 is trivial. For the if part, we assume that θV,W,χV ,χW ,ψ(π) 6= 0.
Lemma 6.5. There exist an (n + 1)-dimensional skew-Hermitian space W ′ over C containing W and a
discrete series representation π′ of G′ = U(W ′) on V ′ such that
(i) θV,W ′,χV ,χW ′ ,ψ(π
′) 6= 0;
(ii) HomG(π
′, π) 6= 0.
Proof. Let (p, q) and (r, s) be the signatures of W and V , respectively. By Remark 5.2, we may assume
that r− rpi ≥ s−spi. Then we can deduce the assertion from the criterion of Theorem 5.1 and [1, Lemmas
5.1, 5.2, and 5.3], where W ′ is taken to be the skew-Hermitian space over C of signature (p + 1, q). We
omit the details. 
Let
L(π, π′) : V ′ × V ′ × V × V → C
be the continuous map given by
(v′1, v
′
2, v1, v2) 7→
∫
G
(π′(g)v′1, v
′
2)(π(g)v1, v2) dg,
where the integral above is absolutely convergent (see [3, Lemma 6.5.1(i)]). By Lemma 6.5(ii) and a result
of Beuzart-Plessis [3, Theorem 7.2.1], we have L(π, π′) 6= 0. On the other hand, by Lemma 6.5(i) and [7,
Proposition 7.2], we have ZV,W ′,χV ,χW ′ ,ψ(π′) 6= 0. Hence by Lemma 6.4, we have
(6.2)
∫
G
(∫
G′
(ω′(gg′)ϕ′1, ϕ
′
2)(π
′(g′)v′1, v
′
2) dg
′
)
(π(g)v1, v2) dg 6= 0
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for some ϕ′1, ϕ
′
2 ∈ S(X′), v′1, v′2 ∈ V ′, and v1, v2 ∈ V. Here ω′ = ωV,W ′,χV ,χW ′ ,ψ is the Weil representation
of G′ on S(X′), where X′ is a maximal isotropic subspace of V ⊗CW ′.
Lemma 6.6. The double integral∫
G
∫
G′
(ω′(gg′)ϕ′1, ϕ
′
2)(π
′(g′)v′1, v
′
2)(π(g)v1, v2) dg
′ dg
is absolutely convergent.
Proof. We have ∫
G
∫
G′
|(ω′(gg′)ϕ′1, ϕ′2)(π′(g′)v′1, v′2)(π(g)v1, v2)| dg′ dg
≤ C
∫
G
∫
G′
ΞG′(gg
′)(1 + σG′(gg′))−rΞG′(g′)ΞG(g) dg′ dg
for some C > 0 and r≫ 0. By [21, p. 356, Lemma 17], we have∫
G′
ΞG′(gg
′)(1 + σG′(gg′))−rΞG′(g′) dg′ ≤ C ′ΞG′(g)
for some C ′ > 0. Hence the assertion follows from [3, Lemma 6.5.1(i)]. 
By (6.2) and Lemma 6.6, we have
(6.3)
∫
G
(ω′(gg′)ϕ′1, ϕ
′
2)(π(g)v1, v2) dg 6= 0
for some g′ ∈ G′.
Let W⊥ be the orthogonal complement of W in W ′. We may assume that X′ = X⊕ X⊥, where X⊥ is
a maximal isotropic subspace of V ⊗CW⊥. Then we have an identification
S(X′) = S(X) ⊗ˆ S(X⊥),
where ⊗ˆ denotes the projective tensor product, such that
ω′(g)(ϕ ⊗ ϕ⊥) = (ω(g)ϕ) ⊗ ϕ⊥
for g ∈ G, ϕ ∈ S(X), and ϕ⊥ ∈ S(X⊥). On the other hand, it follows from the argument in the proof of
[12, Lemma 6.2] that the map
(ϕ′, ϕ′′) 7→
∫
G
(ω′(g)ϕ′, ϕ′′)(π(g)v1, v2) dg
on S(X′)× S(X′) is separately continuous. From this and (6.3), we can deduce that∫
G
(ω(g)ϕ1, ϕ2)(π(g)v1, v2) dg 6= 0
for some ϕ1, ϕ2 ∈ S(X), so that ZV,W,χV ,χW ,ψ(π) 6= 0. This completes the proof of Proposition 6.1.
7. Proof of the main theorems
In this section, we prove Theorems 3.1 and 3.2. We consider the theta lifting from U(p, q) to U(r, s)
with p+ q = n and r + s = m.
THETA LIFTING FOR TEMPERED REPRESENTATIONS OF REAL UNITARY GROUPS 23
7.1. Proof of Theorem 3.1: the case m > n. Let π be a (limit of) discrete series representation of
U(p, q) and write π = nAb(λ) as in (2.4) with
λ = (α1, . . . , αp+ , β1, . . . , βp− , γ1, . . . , γq+ , δ1, . . . , δq−) +
(
m0
2
, . . . ,
m0
2
)
,
where
• αi, γj > 0 and βi, δj ≤ 0;
• p+ + p− = p and q+ + q− = q.
Define L- and A-parameters φ and φ′ for Un and Um, respectively, by
φ = χκ1 ⊕ · · · ⊕ χκn ,
φ′ = χκ1χ
−1
V χW ⊕ · · · ⊕ χκnχ−1V χW ⊕ (χW ⊠ Sm−n),
where
• κ1 ≥ · · · ≥ κi0−1 > m02 ≥ κi0 ≥ · · · ≥ κn;• {κ1 − m02 , . . . , κi0−1 − m02 } = {α1, . . . , αp+ , γ1, . . . , γq+} as multi-sets;
• {κi0 − m02 , . . . , κn − m02 } = {β1, . . . , βp− , δ1, . . . , δq−} as multi-sets;
• i0 = p+ + q+ + 1.
Then we have
π = π(φ, η)
for some character η of Sφ. We identify Sφ, Sφ′ with quotients of
S˜φ = (Z/2Z)e1 ⊕ · · · ⊕ (Z/2Z)en,
S˜φ′ = (Z/2Z)e
′
1 ⊕ · · · ⊕ (Z/2Z)e′n ⊕ (Z/2Z)e′0
as in §4.2, §4.4, respectively. Define a character η′ of S˜φ′ by
η′(e′i) = ζi ×
{
η(ei) if i 6= 0;
(−1) 12 (p−q)(p−q−1)+ 12 (r−s)(r−s−1) if i = 0,
where
ζi =

+1 if m ≡ n mod 2 and 0 < i < i0;
−1 if m ≡ n mod 2 and i ≥ i0;
+1 if m 6≡ n mod 2 and i 6= 0
and
ζ0 = ζ1 · · · ζn.
Lemma 7.1. Assume that θr,s(π) 6= 0. Then η′ descends to a character of Sφ′ and the associated
representation σ(φ′, η′) of U(r, s) is equal to nAq(λ′), where q and λ′ are as in Theorem 3.1.
Proof. Recall that b = q(x) is associated to
x = (x1, . . . , x1︸ ︷︷ ︸
p1
, . . . , xn, . . . , xn︸ ︷︷ ︸
pn
, x1, . . . , x1︸ ︷︷ ︸
q1
, . . . , xn, . . . , xn︸ ︷︷ ︸
qn
)
for any x1, . . . , xn ∈ R such that x1 > · · · > xn, where
(7.1) (pi, qi) =
{
(1, 0) if η(ei) = (−1)i−1;
(0, 1) if η(ei) = (−1)i.
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In particular, we have
p+ = p1 + · · ·+ pi0−1, p− = pi0 + · · ·+ pn,
q+ = q1 + · · ·+ qi0−1, q− = qi0 + · · · + qn.
For the first assertion, it suffices to show that if m = n+ 1 and κi0 =
m0
2 , then
(7.2) η(ei0) = (−1)
1
2
(p−q)(p−q−1)+ 1
2
(r−s)(r−s−1).
Let k ≥ 1 be the multiplicity of m02 in {κ1, . . . , κn}. Then we have{
kpi = −1 if k is even;
kpi ≥ 1 if k is odd,
and
(rpi, spi) =

(p+ + q−, p− + q+) if k is even;
(p+ + q− − kpi−12 , p− + q+ − kpi+12 ) if k is odd and η(ei0) = (−1)i0−1;
(p+ + q− − kpi+12 , p− + q+ − kpi−12 ) if k is odd and η(ei0) = (−1)i0 .
Hence by Theorem 5.1, we must have
(r, s) =
{
(p+ + q− + 1, p− + q+) if η(ei0) = (−1)i0−1;
(p+ + q−, p− + q+ + 1) if η(ei0) = (−1)i0 .
If η(ei0) = (−1)i0−1, then we have
1
2
(p − q)(p− q − 1) + 1
2
(r − s)(r − s− 1)
=
1
2
(p+ − q+ + p− − q−)(p+ − q+ + p− − q− − 1)
+
1
2
(p+ − q+ − p− + q− + 1)(p+ − q+ − p− + q−)
= (p+ − q+)2 + (p− − q−)(p− − q− − 1)
≡ p+ + q+ mod 2,
so that (7.2) follows. If η(ei0) = (−1)i0 , then (7.2) follows similarly.
For the second assertion, we first note that
p+ + q− ≤ r, p− + q+ ≤ s
by Corollary 5.4. For 1 ≤ i ≤ n+ 1, we define a pair of integers (ri, si) as in §4.4, so that
(7.3) (ri, si) =

(1, 0) if i < i0 and η(ei) = (−1)i−1;
(0, 1) if i < i0 and η(ei) = (−1)i;
(1, 0) if i > i0 and η(ei−1) = (−1)i−1;
(0, 1) if i > i0 and η(ei−1) = (−1)i
and
(ri0 , si0) = (r − p+ − q−, s − p− − q+).
Since ri0 , si0 ≥ 0 and
η′(e′1 + · · ·+ e′n + e′0) = η(e1 + · · ·+ en) · (−1)
1
2
(p−q)(p−q−1)+ 1
2
(r−s)(r−s−1)
= (−1) 12 (r−s)(r−s−1),
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we have
σ(φ′, η′) = nAq˜(λ˜′),
where λ˜′ is given by
λ˜′ = (λ˜′1, . . . , λ˜
′
1︸ ︷︷ ︸
r1
, . . . , λ˜′n+1, . . . , λ˜
′
n+1︸ ︷︷ ︸
rn+1
, λ˜′1, . . . , λ˜
′
1︸ ︷︷ ︸
s1
, . . . , λ˜′n+1, . . . , λ˜
′
n+1︸ ︷︷ ︸
sn+1
)
with
λ˜′i =

κi − m02 + n02 if i < i0;
n0
2 if i = i0;
κi−1 − m02 + n02 if i > i0
and q˜ = q(x˜) is associated to
x˜ = (x˜1, . . . , x˜1︸ ︷︷ ︸
r1
, . . . , x˜n+1, . . . , x˜n+1︸ ︷︷ ︸
rn+1
, x˜1, . . . , x˜1︸ ︷︷ ︸
s1
, . . . , x˜n+1, . . . , x˜n+1︸ ︷︷ ︸
sn+1
)
for any x˜1, . . . , x˜n+1 ∈ R such that x˜1 > · · · > x˜n+1. However, we can deduce from (7.1) and (7.3) that
q˜ = q and λ˜′ = λ′. This completes the proof. 
Assume that θr,s(π) 6= 0. In particular, we have
p+ + q− ≤ r, p− + q+ ≤ s
by Corollary 5.4. We choose an auxiliary discrete series representation π+ of U(p, q) of the form π+ =
nAb(λ+) with
λ+ = (α˜1, . . . , α˜p+ , β˜1, . . . , β˜p− , γ˜1, . . . , γ˜q+ , δ˜1, . . . , δ˜q−) +
(
m0
2
, . . . ,
m0
2
)
such that
α˜i, γ˜j ≥ m− n+ 1
2
, β˜i, δ˜j ≤ −m− n+ 1
2
.
More precisely, we require that the θ-stable Borel subalgebra determined by λ+ agrees with b. As above,
we define L- and A-parameters φ+ and φ
′
+ for Un and Um, respectively, with respect to π+. Then we
have natural isomorphisms Sφ+
∼= S˜φ and Sφ′
+
∼= S˜φ′ . Moreover, we have
π+ = π(φ+, η),
where η is viewed as a character of Sφ+. By a result of Li [13] (see also [7, Lemma 6.2]), we have
θr,s(π+) 6= 0 and
(7.4) θr,s(π+) = σ(φ
′
+, η
′),
where η′ is viewed as a character of Sφ′
+
.
We now derive the information about θr,s(π) from the knowledge of θr,s(π+) by a global-to-local argu-
ment. Indeed, as explained in [7, §6.6], we can deduce from (7.4) and Arthur’s multiplicity formula [8,
Theorem* 1.7.1] that
(7.5) θr,s(π) = σ(φ
′, η′).
Note that π was assumed to be a discrete series representation in [7, §6.6], but this assumption can be
removed by Proposition 6.1, which plays a crucial role in the proof of the nonvanishing of some global
theta lifts. Then (7.5) and Lemma 7.1 yield Theorem 3.1 in the case m > n.
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7.2. Proof of Theorem 3.1: the case m ≤ n. Let π be a (limit of) discrete series representation of
U(p, q). Assume that θr,s(π) 6= 0. If m = n or n− 1, then Theorem 3.1 was proved by Paul [17, 18]. Thus
we assume that m ≤ n − 2. Put k = n −m. Write π = π(φ, η), where φ is a (limit of) discrete series
L-parameter for Un and η is a character of Sφ. Write
φ = (m1χκ1 ⊕ · · · ⊕maχκa)⊗ χV
and
Sφ = (Z/2Z)e1 ⊕ · · · ⊕ (Z/2Z)ea,
where
• κi ∈ Z+ k−12 ;• κ1 > · · · > κa;
• mi is a positive integer;
• m1 + · · · +ma = n,
and ei corresponds to χκiχV . Put ni = m1 + · · ·+mi−1 and
(pi, qi) =

(mi+12 ,
mi−1
2 ) if mi is odd and η(ei) = (−1)ni ;
(mi−12 ,
mi+1
2 ) if mi is odd and η(ei) = (−1)ni+1;
(mi2 ,
mi
2 ) if mi is even.
Then by Corollary 5.5, there exist 0 ≤ i0 ≤ a− k and ǫ0 = ±1 such that
• κi0+i = k+12 − i for all 1 ≤ i ≤ k;• mi0+i is odd for all 1 < i < k;
• η(ei0+1) = ǫ0 ×
{
(−1)ni0+1 if mi0+1 is odd;
(−1)ni0+1+1 if mi0+1 is even;
• η(ei0+i) = ǫ0 · (−1)ni0+i for all 1 < i ≤ k.
Put
p+ = p1 + · · ·+ pi0 , p− = pi0+k+1 + · · ·+ pa,
q+ = q1 + · · ·+ qi0 , q− = qi0+k+1 + · · ·+ qa,
and
l =
{
qi0+1 + · · · + qi0+k if ǫ0 = +1;
pi0+1 + · · · + pi0+k if ǫ0 = −1.
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Then we have
(p, q) =

(p+ + p− + l + k, q+ + q− + l) if ǫ0 = +1, mi0+1 is odd, mi0+k is odd;
(p+ + p− + l + k − 1, q+ + q− + l) if ǫ0 = +1, mi0+1 is odd, mi0+k is even;
(p+ + p− + l + k − 1, q+ + q− + l) if ǫ0 = +1, mi0+1 is even, mi0+k is odd;
(p+ + p− + l + k − 2, q+ + q− + l) if ǫ0 = +1, mi0+1 is even, mi0+k is even;
(p+ + p− + l, q+ + q− + l + k) if ǫ0 = −1, mi0+1 is odd, mi0+k is odd;
(p+ + p− + l, q+ + q− + l + k − 1) if ǫ0 = −1, mi0+1 is odd, mi0+k is even;
(p+ + p− + l, q+ + q− + l + k − 1) if ǫ0 = −1, mi0+1 is even, mi0+k is odd;
(p+ + p− + l, q+ + q− + l + k − 2) if ǫ0 = −1, mi0+1 is even, mi0+k is even,
(r, s) =

(p+ + q− + l, p− + q+ + l) if ǫ0 = +1, mi0+1 is odd, mi0+k is odd;
(p+ + q− + l, p− + q+ + l − 1) if ǫ0 = +1, mi0+1 is odd, mi0+k is even;
(p+ + q− + l − 1, p− + q+ + l) if ǫ0 = +1, mi0+1 is even, mi0+k is odd;
(p+ + q− + l − 1, p− + q+ + l − 1) if ǫ0 = +1, mi0+1 is even, mi0+k is even;
(p+ + q− + l, p− + q+ + l) if ǫ0 = −1, mi0+1 is odd, mi0+k is odd;
(p+ + q− + l − 1, p− + q+ + l) if ǫ0 = −1, mi0+1 is odd, mi0+k is even;
(p+ + q− + l, p− + q+ + l − 1) if ǫ0 = −1, mi0+1 is even, mi0+k is odd;
(p+ + q− + l − 1, p− + q+ + l − 1) if ǫ0 = −1, mi0+1 is even, mi0+k is even.
Assume first that mi = 1 for all i0 + 1 < i < i0 + k. We only consider the case ǫ0 = +1; the case
ǫ0 = −1 is similar. Write π = nAb(λ) as in (2.4) and put
p′ = pi0+1, p
′′ = pi0+k, q
′ = qi0+1, q
′′ = qi0+k.
Then λ is of the form
λ =
(
α1, . . . , αp+ ,
k − 1
2
, . . . ,
k − 1
2︸ ︷︷ ︸
p′
,
k − 3
2
,
k − 5
2
, . . . ,−k − 3
2
,−k − 1
2
, . . . ,−k − 1
2︸ ︷︷ ︸
p′′
, β1, . . . , βp− ,
γ1, . . . , γq+ ,
k − 1
2
, . . . ,
k − 1
2︸ ︷︷ ︸
q′
,−k − 1
2
, . . . ,−k − 1
2︸ ︷︷ ︸
q′′
, δ1, . . . , δq−
)
+
(
m0
2
, . . . ,
m0
2
)
,
where αi, γj >
k−1
2 and βi, δj < −k−12 , and b = q(x) is associated to
x = (x+1 , . . . , x
+
p+
, x′1, . . . , x
′
p′ , z2, z3, . . . , zk−1, x
′′
1 , . . . , x
′′
p′′ , x
−
1 , . . . , x
−
p−
,
y+1 , . . . , y
+
q+
, y′1, . . . , y
′
q′ , y
′′
1 , . . . , y
′′
q′′ , y
−
1 , . . . , y
−
q−
)
such that {
x′1 > y
′
1 > · · · > x′q′ > y′q′ > x′p′ if mi0+1 is odd;
y′1 > x
′
1 > · · · > y′q′ > x′p′ if mi0+1 is even,{
x′′1 > y
′′
1 > · · · > x′′q′′ > y′′q′′ > x′′p′′ if mi0+k is odd;
x′′1 > y
′′
1 > · · · > x′′p′′ > y′′q′′ if mi0+k is even.
We assume without loss of generality that
x′p′ > 0 > x
′′
1 .
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Put σ = nAb′(λ
′), where
λ′ =
(
α1, . . . , αp+ ,
k − 1
2
, . . . ,
k − 1
2︸ ︷︷ ︸
p′−1
,−k − 1
2
, . . . ,−k − 1
2︸ ︷︷ ︸
q′′
, δ1, . . . , δq− ,
γ1, . . . , γq+ ,
k − 1
2
, . . . ,
k − 1
2︸ ︷︷ ︸
q′
,−k − 1
2
, . . . ,−k − 1
2︸ ︷︷ ︸
p′′−1
, β1, . . . , βp−
)
+
(
n0
2
, . . . ,
n0
2
)
and b′ = q(x′) with
x′ = (x+1 , . . . , x
+
p+
, x′1, . . . , x
′
p′−1, y
′′
1 , . . . , y
′′
q′′ , y
−
1 , . . . , y
−
q−
,
y+1 , . . . , y
+
q+
, y′1, . . . , y
′
q′ , x
′′
2 , . . . , x
′′
p′′ , x
−
1 , . . . , x
−
p−
).
Then σ is a (limit of) discrete series representation of U(r, s). By Corollary 5.6, we have θp,q(σ) 6= 0.
Hence it follows from the case of Theorem 3.1 proved in the previous subsection that
θp,q(σ) =
nAq˜(λ˜),
where
λ˜ =
(
α1, . . . , αp+ ,
k − 1
2
, . . . ,
k − 1
2︸ ︷︷ ︸
p′−1
, 0, . . . , 0︸ ︷︷ ︸
k
,−k − 1
2
, . . . ,−k − 1
2︸ ︷︷ ︸
p′′−1
, β1, . . . , βp− ,
γ1, . . . , γq+ ,
k − 1
2
, . . . ,
k − 1
2︸ ︷︷ ︸
q′
,−k − 1
2
, . . . ,−k − 1
2︸ ︷︷ ︸
q′′
, δ1, . . . , δq−
)
+
(
m0
2
, . . . ,
m0
2
)
and q˜ = q(x˜) with
x˜ = (x+1 , . . . , x
+
p+
, x′1, . . . , x
′
p′−1, 0, . . . , 0︸ ︷︷ ︸
k
, x′′2 , . . . , x
′′
p′′ , x
−
1 , . . . , x
−
p−
,
y+1 , . . . , y
+
q+
, y′1, . . . , y
′
q′ , y
′′
1 , . . . , y
′′
q′′ , y
−
1 , . . . , y
−
q−
).
Since l˜ ⊂ k (where l˜ is the Levi component of q˜ and k is the complexified Lie algebra of K), we have
nAq˜(λ˜) =
nAb(λ)
by induction in stages [9, Corollary 11.86]. Thus we have shown that θp,q(σ) = π, so that θr,s(π) = σ as
desired.
Assume next that mi1 ≥ 3 for some i0 + 1 < i1 < i0 + k. In particular, we have p, q, r, s > 0. Define a
(limit of) discrete series L-parameter φ′ for Um by
φ′ = (m′1χκ1 ⊕ · · · ⊕m′aχκa)⊗ χW
and write
Sφ′ = (Z/2Z)e
′
1 ⊕ · · · ⊕ (Z/2Z)e′a,
where
m′i =
{
mi − 1 if i0 + 1 ≤ i ≤ i0 + k;
mi if i ≤ i0 or i > i0 + k
and e′i corresponds to χκiχW . (When m
′
i = 0, we interpret e
′
i as zero.) Define a character η
′ of Sφ′ by
η′(e′i) =
{
ǫ0 · (−1)ni0+2+1 if i0 + 1 ≤ i ≤ i0 + k and m′i > 0;
ζi · η(ei) if i ≤ i0 or i > i0 + k,
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where
ζi =

+1 if k is even and i ≤ i0;
−1 if k is even and i > i0 + k;
+1 if k is odd.
Put σ = π(φ′, η′), so that σ is a (limit of) discrete series representation of U(r, s). Then Theorem 3.1 in
this case amounts to
θr,s(π) = σ.
We now proceed by induction on m′i0+2 + · · · +m′i0+k−1. Define (limits of) discrete series L-parameters
φ0 and φ
′
0 for Un−2 and Um−2, respectively, by
φ0 = (m1χκ1 ⊕ · · · ⊕mi1−1χκi1−1 ⊕ (mi1 − 2)χκi1 ⊕mi1+1χκi1+1 ⊕ · · · ⊕maχκa)⊗ χV ,
φ′0 = (m
′
1χκ1 ⊕ · · · ⊕m′i1−1χκi1−1 ⊕ (m′i1 − 2)χκi1 ⊕m′i1+1χκi1+1 ⊕ · · · ⊕m′aχκa)⊗ χW .
Then we have a natural isomorphism Sφ0
∼= Sφ and a natural embedding Sφ′
0
→֒ Sφ′ , which is an
isomorphism if and only if mi1 ≥ 5. Put π0 = π(φ0, η) and σ0 = π(φ′0, η′0), where η is viewed as a
character of Sφ0 and η
′
0 is the restriction of η
′ to Sφ′
0
, so that π0 and σ0 are (limits of) discrete series
representations of U(p − 1, q − 1) and U(r − 1, s − 1), respectively. Then π and σ are subrepresentations
of I(χ, π0) and I(χχ
−1
V χW , σ0), respectively, where χ = χκi1χV . In fact, I(χ, π0) is irreducible and
π = I(χ, π0).
Since θr,s(π) 6= 0, we have θr−1,s−1(π0) 6= 0 by Corollary 5.3, so that θr−1,s−1(π0) = σ0 by the induction hy-
pothesis. Hence by the induction principle [17, Theorem 4.5.5], θr,s(π) is a subquotient of I(χχ
−1
V χW , σ0).
If mi1 ≥ 5, then I(χχ−1V χW , σ0) is irreducible and
σ = I(χχ−1V χW , σ0),
so that θr,s(π) = σ as desired. Thus we assume that mi1 = 3. Then we have Sφ′ = Sφ′0 ⊕ (Z/2Z)e′i1 and
I(χχ−1V χW , σ0) = σ ⊕ σ′
with σ′ = π(φ′, η′′), where η′′ is the character of Sφ′ given by
η′′|Sφ′
0
= η′0, η
′′(e′i1) = ǫ0 · (−1)ni0+2 .
To prove θr,s(π) = σ, it suffices to show that
θp,q(σ
′) = 0.
We only consider the case ǫ0 = +1; the case ǫ0 = −1 is similar. Let k0 = −1 or 0 be such that k0 ≡ k mod 2
and put
t =
k + k0
2
.
As in §5.1, we define the invariants of σ′ (relative to k0 and n0). Then we have kσ′ = k0 and
(rσ′ , sσ′) =

(p+ + p− + l, q+ + q− + l) if ǫ0 = +1, mi0+1 is odd, mi0+k is odd;
(p+ + p− + l − 1, q+ + q− + l) if ǫ0 = +1, mi0+1 is odd, mi0+k is even;
(p+ + p− + l − 1, q+ + q− + l) if ǫ0 = +1, mi0+1 is even, mi0+k is odd;
(p+ + p− + l − 2, q+ + q− + l) if ǫ0 = +1, mi0+1 is even, mi0+k is even,
so that
(p, q) = (rσ′ + k, sσ′).
Moreover, we have the following.
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• If κi1 > 0, then we have (κi1 ,+1) ∈ Xσ′ but (κi,−1) /∈ Xσ′ for all i1 < i < i0 + k. Hence we have
(κi1 ,+1) ∈ C+σ′(t).
• If κi1 < 0, then we have (κi1 ,−1) ∈ Xσ′ but (κi,+1) /∈ Xσ′ for all i0 + 1 < i < i1. Hence we have
(κi1 ,−1) ∈ C−σ′(t).
• If κi1 = 0 (so that kσ′ = −1), then we have (0,+1), (0,−1) ∈ Xσ′ .
Hence by Theorem 5.1, we have θp,q(σ
′) = 0 as desired.
This completes the proof of Theorem 3.1.
7.3. Proof of Theorem 3.2. Let π be an irreducible tempered representation of U(p, q) and write
π = I(ξ1, . . . , ξd, π0) as in (2.2). Assume that θr,s(π) 6= 0. Then by Corollary 5.3, we have d ≤ min{r, s}
and θr−d,s−d(π0) 6= 0. Hence by the induction principle [17, Theorem 4.5.5], θr,s(π) is a subquotient of
I(ξ1χ
−1
V χW , . . . , ξdχ
−1
V χW , θr−d,s−d(π0)).
However, it follows Lemma 2.3 and Theorem 3.1 that the parabolically induced representation above is
irreducible. Thus we conclude that
θr,s(π) = I(ξ1χ
−1
V χW , . . . , ξdχ
−1
V χW , θr−d,s−d(π0)),
which completes the proof of Theorem 3.2.
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